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ABSTRACT

An experimental investigation was undertaken in order to

study the behavior of fully-clamped rectangular plates when

subjected to uniformly distributed impulsive velocities. The

total energy of the dynamic loads was suffic.ently large to

cause plastic flow of the plate material and maximum permanent

deflections from 0.2 to nearly seven times the corresponding

plate thicknesses. All the rectangular plates had the same as-

pect ratio (B/L = 0.593) but various thicknesses (H), and were

made from either hot-rolled mild steel or aluminum 6061-T6. The

permanent deformed profiles of the plates are similar to the

shape of the velocity field ised by Wood [11] for calculating the

minimum upper bound to the collapse pressure of a fully-clamped

rectangular plate loaded with a uniformly distributed time-inde-

pendent pressure. It is observed that a modification of the

bending only prediction of Martin [13] provides adequate engi-

neering estimates of the maximum permanent deflections up to

the order of one-half of the corresponding plate thickness. For

larger deflections, it is necessary to include the influence of

geometry changes; and in the case of mild steel, material strain--

rate sensitivity as well.



NOTATION

B semi-width of beam or plate

H thickness of plate

L semi-length of plate

Mo  0

V0  initial velocity of plate

W transverse deflection

W 0 permanent transverse deflection at center of plate

m mass per unit surface area of plate

tf duration of response

x, y cartesian coordinates defined in Figures 3 and 5

x' coordinate defined in Figure 5

8 B/L

6f permanent transverse deflection at center ot plate

o2L2

S P M
0

p density of specimens

a°  yield stress in simple tension

ou ultimate tensile stress



INTRODUCTION

It is often necessary to estimatr the maximum dynamic energy

which a structure could absorb without failure, or to predict the

damage which a structure would sustain if it were involved in a

collision with another body or subjected to explosive loads. The

numerical procedures which have been developed by several authors

[1-3, etc.] can be used in order to predict the response of a

variety of structures when subjected to dynamic loads. However,

there is a paucity of experimental results with which these num-

er'cal estimates can be cnmpared since most of the experimental

programmes have been confined to the study of beams [4-8, etc.],

axisymmetric plates [9, etc.], or single tests on various other

structures rather than parametric studies.

It is well known that approximate methods or formulae are

powerful tools in the initial design phase of most engineering

projects. Such simplified procedures allow unsuitable designs

to be eliminated quickly and give the approximate dimensions or

behavior of the final design (or designs). These results may then

be fed as input into a computer programme in order to predict the

behavior more accurately and to examine the influence of various

details which are disregarded in approximate methods. Theoretical

investigations of the dynamic plastic response of structures are

simplifed considerably when the influence of material elasticity

is disregarded. Rigid-plastic analyses, as they are known, are



-2-

believed to be valid provided the dynamic energy is considerably

larger than the maximum energy which could be absorbed in a

wholly elastic manner. Moreover, the duration of loading should

be short compared with the fundamental period of vibration [4].

The authors present the results of over 40 tests on rectan-

gular plates which were subjected to uniformly distributed im-

pulsive velocities with an initial energy considerably larger

than the maximum elastic strain energy capacity of the corres-

ponding structure. The rectangular plates, which were fully

clamped around the outer boundary, were made either from mild

steel or aluminum 6061-T6. A comparison of these results permits

an estimate of the influence of strain-rate sensitivity to be

made, since mild steel is very sensitive to strain-rate while

aluminum 6061-T6 is not. It is hoped that these results will

aid in the further development of approximate rigid-plastic

methods, particularly for the finite-deflections of non-axisym-

metric structures, and enable the accuracy of the numerical pro-

cedures (or of the experiments) to be assessed.



EXPERIMENTAL ARRANGEMENT

A ballistic pendulum was employed in order to measure the

dynamic energy imparted to the rectangular plates by sheet ex-

plosive. The experimental arrangement was similar to that used

for the experiments reported in reference [10] so an interested

reader is referred there for details. In order to assess the

windage and friction losses of the system, the ballistic pendu-

lum was released from various initial amplitudes and allowed to

swing freely over a number of cycles as indicated in Figure 1.

It is evident that the loss per quarter cycle during the initial

few swings was ±ess than 0.5% of the corresponding amplitude. In

view of the small value of this loss, no corrections were made to

the results reported herein.

The device, which was attached to the pendulum head and used

for supporting the specimens, is indicated in Figure 2. The

gripping surfaces were serrated and high tensile strength steel

bolts were employed in an attempt to ensuire that a fully clamped

support condition with no axial movement would be achieved. A

typical rectangular plate specimen is indicated in Figure 3. The

target areas of all specimens measured 3 in. x 5 1/16 in. and the

various plate thicknesses are indicated in Tables 1 and 2. The

specimens were made from either hot-rolled mild steel or aluminum

6061-T6 as received from the supplier and had Lhe average mech-

anical and chemical properties listed in Tables 3 and 4. Stress--

strain curves of two typical tensile specimens which were cut
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from the same mild steel and aluminum 6061-T6 sheets as some of

the plates are shown in Figure 4. These tests were conducted

on an Instron testing machine at average strain rates of approx-
-4

imately 5 x 10 in/in/sec.

In order to prevent spalling, a neoprene or foam attenuator

was located between the sheet explosive and the surface of each

specimen. It was observed by the authors of reference [10] and

here that foam attenuators disintegrated in.pletely, while neo-

prene attenuators generally remained fairly intact but were blown

some distance away from the pendulum. In view of the fact that

Humphreys 16) used sponge rubber, and Florence and Firth [7] and

the authors of reference [8] used neoprene, it was decided to

assess the influence, if any, of different attenuator materials

cn the results recorded previously. It appears from the results,

which are presented in Table 1 and 2 and Figure 6, that the type

of attenuator did not influence the outcome of the test in any

way except for the fact that a 1/8 in. thick layer of neoprene

allowed a greater impulsive velocity to be imparted to a plate

than a 1/2 in. thick layer of foam for a given amount of explosive.

In other words, for a given impulsive velocity, it was not possible

in the present investigation to distinguish between tests obtained

using foam or neoprene attenuators.



PREVIOUS THEORETICAL WORK

As far as the authors are aware, no analytical solutions

have been obtained for rectangular plates subjected to dyna-

mic loads which are sufficiently large to produce plastic flow

of the plate material. This is hardly surprising, because the

exact collapse load of a rigid, perfectly plastic rectangular

plate has not been obtained but only bounded (albeit close)

using the limit theorems of plasticity [11]. Cox and Morland

[12] have studied the dynamic response of a rigid, perfectly

plastic square plate which is simply supported around the outer

edges. However, it appears that this analysis cannot be extended

easily to the particular case of a rectangular plate fully clamped

around the outer edges.

The elusive nature of analytical solutions to many rigid-plas-

tic dynamic problems underlines the value of the theorems of Martin

[13] and of Martin and Symonds [14] which can be used to predict

a lower bound to the response time and an pper bound to the

permanent deflections of a structure when subjected to impulsive

velocities. These theorems are very powerful because of their

simplicity and the fact that they allow estimates to be made

of the behavior of rigid, perfectly plastic structures which

have any shape and a broad class of boundary conditions. How-

ever, in some situations, they tend to overestimate the perma-

nent deflections by a significant amount because the influence
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of finite-deflections and material strain-rate sensitivity are

disregarded in their formulation. Currently, the analytical

procedures of references [13] and [14] appear to be the only

ones available which can be used to estimate the response of

structures which are non-axisymmetric, such as the case studied

herein, and are subjected to dynamic loads sufficient to cause

extensive plastic flow of the material.

Martin [13] proved that the duration of response tf of a

rigid, perfectly plastic continuum with a time-independent den-

sity p, subjected to an initial velocity field vi (i = 1, 2, 3)

is given by the inequality

t f~ V p v~u acdV()
vPlai5idv

where the superscripts "c" refer +-o any time-independent kine-

matically admissible set (uic, i.F, c Martin [13] also, 13 i  . atn[11as

showed that

JATisuifdA < K0  
(2)

where

K= f . vividV (3)

V

uif is the actualpermanent displacement field, and T 
s
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are any statically admissible surface tractions applied to an

identical continuum. It is possible to recast equation (2)

into the following form:

Ko
Sf 1< K (4)

RL

where 6f is the permanent deflection of the actual problem at

the location and in the direction of any quasistatic limit load

RL of an identical continuum [13].

In order to apply equation (1) to a rectangular plate loaded

with a uniformly distributed initial impulsive velocity V0 , we

select the velocity fields

W (B tan d- x')
B tan 4

and and W0 (B- y)

= B (6)

for regions I and II, respectively, which are indicated in

Figure 5. The straight lines ab, bc, cd, de, ef, fa, bd, and

ea indicated in Figure 5 are hinge lines and form a kinematically

admissible collapse mechanisn. If

tan = + 2 - (7)

then these velocity fields correspond to those used by Wood [11]

for the minimum upper bound analysis of a fully clamped rectan-
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gular plate made from a rigid, perfectly plastic material and

loaded with a uniformly distributed time-independent pressure.

It may be shown that equations (5)-(7) allow the inequality (1)

to be rewritten

m V0 B2  21 _02
tf> 12M

Haythornthwaite and Shield (15] and others have indicated

that the largest concentrated transverse load which an arbitrary

shaped fully clamped plate of uniform thickness can withstand is

P = 2wM °0 (9)

according to the Tresca yield condition. Substituting (9), into

inequality (4) yields

f 
(10)H

where
2 L2

Equation (9), and therefore inequality (10), remains valid for

a point load P positioned anywhere in a rectangular plate. It

is clear, however, that the bound will be most accurate at the

center of the plate.

Martin [13] used inequalities (1) and (4) in order to study
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the particular case of a simply supported circular plate loaded

with a uniform impulse. The value of tf predicted by the equality

(1) is identical to the analytical result obtained by Wang [16],

while the equality (4) gives a maximum permanent deflection twice

the analytical value. Despite the observations of Nayfeh and

Prager [17], the time bound of Martin is very close to the ana-

lytical values in all the comparisons which have so far been

published in the open literature. It is noted that the permanent

deflection anywhere on a stable structure must certainly be less

than Vot If the equality obtained for tf in reference [13] is

multiplied by V0 then a maximum permanent deflection is obtained

which is only one-third larger than the corresponding analytical

result. Clearly, this method can only be used successfully when

the time bound is very close to the analytical result so that it

lacks the reliability of inequality (4). If this procedure is re-

peated using equality (1) multiplied by Vo then it may be shown that

H 12 2 (12)

where Sf* is the permanent deflection predicted at the plate

center.

If a procedure similar to that leading up to inequality (8)

for tf is repeated for a simply supported rectangular plate sub-

jected to a uniformly distributed impulsive velocity Vo , then it
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is found that the right-hand side of this inequality is doubled.

For the particular case of a square plate (8 = 1) the smallest

value of tf permitted by this bound agrees with the analytical

result of Cox and Morland [12]. Thi value of 6 f* predicted by

the equation corresponding to (12) is one-third larger than the

maximum permanent deflection obtained in reference [12].

In order to improve the predictions of Martin's theorems,

particularly for the displacement bound (4), Martin and Symonds

[14] developed a rational mode approximation procedure for

evaluating the response time and permanent deformations of im-

pulsively loaded structures. Unfortunately, however, this method

cannot be used currently for a rectangular plate since no statically

admissible solutions for rectangular plates subjected to any form of

dynamic loading appear to have been published in the open literature.

The numerical procedure developed by the authors of references

(I] and [18] has been used to study the dynamic response of a

wide variety of structures. The influence of finite-deflections

and actual stress-strain-strain rate material properties have

been incorporated in these programmes. However, no results appear

to have been published by these authors on the dynamic behavior

of rectangular plates.

Lindbergh and Boyd [3] used a numerical approach in order to

investigate the response of rigid, strain-hardening membranes

loaded dynamically. The rectangular membranes studied in reference

[3] have different aspect ratios to those reported herein and con-

siderably larger 4 o/H ratios than are of interest in %%is article.



DISCUSSION

The experimental values of the maximum permanent deflections

(o) of fully clamped rectangular plates (a = 0.593), which arise

from uniformly distributed impulsive velocities (V ), are pre-

sented in Figure 6. It is evident that W is related linearly to

V0 for a given plate thickness H over the entire range of V0 ex-

amined in the current tests. However, these lines must become

non-linear for values of V0 smaller than those reported herein

since the straight lines, if extended beyond the experimental

data, do not pass through the origins of the graphs. A similar

linearity netween these two parameters for a given plate thickness

(H) was also observed in the experimental tests on wide beams and

recta:igular plates clamped at two ends which were reported in

reference [10].

Typical permanent profiles of the mild steel and aluminum

6061-T6 rectangular plates studied herein are shown in Figures

7 to 10. It is interesting to observe that these profiles bear

a striking resemblance to the shape of the velocity field used

by Wood [11] to calculate the minimum upper bound of a fully

clamped rectangular plate made from a rigid, perfectly plastic

material and loaded with a uniformly distributed static pressure.

It should be remarked in passing, however, that Keil [19] observed

a significant difference between the strain distributions in and

deformed shapes of circular plates loaded dynamically and the

same plates loaded statically.
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The predictions of Martin's theorems are compared in Figure

11 with the maximum permanent deflections of the mild steel and

aluminum 6061-T6 rectangular plates studied herein. In view of

the previous observations concerning the final displacement fields,

it is believed that the time bound tf given by equation (8) is

probably quite close to the exact value. Thus, the predictions

of equations (12) should provide an upper bound to the actual

deflections. The results presented in Figure 11 indicate that

the displacements predicted by equation (10) are too large even

for extremely small values of W0/H, while equation (12) gives

acceptable engineering estimates of the permanent deflections up

to the order of one-half the plate thickness. It is observed

from previously published experimental and theoretical work on

axially restrained beams [8] and annular plates [20] that infini-

tesimal or bending only theories provide reasonable predictions

up to the order of one-half the beam or plate thickness. For

deflections larger than this, the favorable influence of geometry

changes reduces significantly the permanent Qeflections below

those predicted by an infinitesimal theory.

It is evident from Figure 11 that the permanent deflections

of plates made from mild steel are smaller than those made from

aluminum 6061-T6. This is believed to be due principally to the

influence of material strain rate sensitivity [4]. When X = 200,

the permanent deflection of a fully clamped mild steel plate is
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2.575H compared with 3.175H for aluminum 6061-T6 plate. This

reduction in deflection, is slightly less than that observed in

reference 110] for rectangular plates clamped at two ends. In

reference [10], the maximum permanent deflection of an aluminum

6061-T6 rectangular plate is 3.175H when X = 66 with a corres-

ponding value of 2.35H, approximately, for a mild steel plate.

The deflection parameter W /H and impulse parameter X allow

a single curve to be drawn through all the experimental results

for each material over the entire range of X given in Figure 11.

In view of the different thicknesses of the rectangular plates,

material strain-hardening does not, therefore, have any important

influence on the final response.



CONCLUSIONS

An experimental investigation was undertaken in order to

study the behavior of fully clamped rectangulaz plates when

subjected to uniformly distributed impulsive velocities. The

total energy of the dynamic loads was sufficiently large to cause

plastic flow of the plate material and maximum permanent deflec-

tions from 0.2 to nearly seven times the corresponding plate

thicknesses. All the rectangular plates had the same aspect ratio

(B/L = 0.593) but various thicknesses (H), and were made from either

hot rolled mild steel or aluminum 6061-T6. The permanent deformed

profiles of the plates are similar to the shape of the velocity

field used by Wood (11] for calculating the minimum upper bound to

the collapse pressure of a fully clamped rectangular plate loaded

with a uniformly distributed time-independent pressure. It is

observed that a modification of the bending only prediction of

Martin [13] provides adequate engineering estimates of the maximum

permanent deflections up to the order of one-half of the corres-

ponding plate thickness. For larger deflections, it is necessary

to include the influence of geometry changes; and in the case of

mild steel, material strain-rate sensitivity as well.



REFERENCES

1. Leech, J. W., Witmer, E. A., and Pian, T. H. H., "A Numerical
Calculation Technique For Large Elastic-Plastic Transient
Deformations of Thin Shells," A.I.A.A. Journal, Vol. 6, No. 12,
pp. 2352-2359, 1968.

2. Duffey, T. A., and Key, S. W., "Experimental-Theoretical Cor-
relations of Impulsively Loaded Clamped Circular Plates,"
Exp. Mechs., Vol. 9, No. 6, pp. 241-249, 1969.

3. Lindbergh, C., and Boyd, D. E., "Finite, Inelastic Deformations
of Clamped Shell Membranes Subjected to Impulsive Loadings,"
A.I.A_.A. Journal, Vol. 1, No. 2, pp. 228-235, 1969.

4. Symonds, P. S., "Survey of Methods of Analysis For Plastic
Deformation of Structures Under Dynamic Loading," Brown
University Report BU/NSRDC/I-67, June 1967.

5. Rawlings, B., "The Present State of Knowledge of the Behavior
of Steel Structures Under the Action of Impulsive Loads,"
Trans. I. E. Aust., Vol. CE5, No. 2, pp. 89-103, 1963.

6. Humphreys, J. S., "Plastic Deformation of Impulsively Loaded
Straight Clamped Beams," J. App. Mechs., Vol. 32, No. 1,
pp. 7-10, 1965.

7. Florence, A. L., and Firth, R. D., "Rigid-Plastic Beams Under
Uniformly Distributed Impulses," Journal of Applied Mechanics,
Vol. 32, No. 3, pp. 481-488, 1965.

8. Jones, N., and Symonds, P. S., "Impulsive Loads on Fully Clamped
Beams with Finite Plastic Deflections and Rate Sensitivity,"
Brown University Report.

9. Florence, A. L., "Circular Plate Under a Uniformly Distributed
Impulse," Int. J. Solids and Struct., Vol. 2, No. 1, pp. 37--
47, 1966.

10. Jones, N., Griffin, R. N., and Van Duzer, R. E., "An Experi-
mental Study into the Dynamic Plastic Behavior of Wide Beams
and Rectangular Plates;" M.I.T. Report No. 69-12: October 1969.

11. dood, R. H., "Plastic and Elastic Design of Slabs and Plates,"
The Ronald Press, New York, 1961.



-16-

12. Cox, A. D., and Morland, L. W., "Dynamic Plastic Deformations
of Simply-Supported Square Plates," J. Mech. Phys. Solids,
Vol. 7, pp. 229-241, 1959.

13. Martin, J. B., "Impulsive Loading Theorems For Rigid-Plastic
Continua," Proc. A.S.C.E., Vol. 90, No. EM5, pp. 27-42, 1964.

14. Martin, J. B., and Symonds, P. S., "Mode Approximations for
Impulsively Loaded Rigid-Plastic Structures' Proz. A.S.C.E.,
Vol. 92, No. EM5, pp. 43-66, 1966.

15. Haythornthwaite, R. M., and Shield, R. T., "A Note on The
Deformable Region in a Rigid-Plastic Structure," J. Mechs.
Phys. Solids, Vol. 6, pp. 127-131, 1958.

16. Wang, A. 3., "The Permanent Deflection of a Plastic Plate
Under Blast Loading," J. Applied Mechs., Vol. 22, pp. 375--
376, 1955.

17. Nayfen, A., and Prager, W., "Response Time of Impulsively
Loaded Structures," Proc. A.S.C.E., Vol. 95, No. EM3, pp.
813-819, 1969.

18. Morino, L., Leech, J. W., and Witmer, E. A., "An Improved
Numerical Calculation Technique for Large Elastic-Plastic
Transient Deformations of Thin Shells," presented at 1969
Western Applied Mechanics Conference, New Mexico.

19. Keil, A. H., "Problems of Plasticity in Naval Structures:
Explosive and Impact Loading," Proc. Second Symp. on Naval
Structural Mechs., Eds. E. H. Lee and P. S. Symonds, Pergamon
Press, 1961.

20. Jones, N., "Finite Deflections of a Rigid-Viscoplastic Strain--
Hardening Annular Plate Loaded Impulsively," J. App. Mechs.,
Vol. 35, No. 2, pp. 349-356, 1968.



ACKNOWLEDGEMENTS

The work reported herein was supported by O.N.R. (Contract

No. N00014-67-A-0204-0032]), the Sloan Foundation, and the Depar-

ment of Naval Architecture and Marine Engineering at M.I.T. The

authors are also indebted to Professor A. H. Keil for his encour-

agement during this work. The authors wish to take this oppor-

tunity to express their appreciation to Dr. J. W. Leech, F. Merlis,

and 0. E. Wallin of the Aeroelastic Laboratory for their kind co-

operation and to Professor E. A. Witmer for permission to use the

Llast chamber in which the tests were conducted.



TITLES OF TABLES

Table 1 Data for Hot-Rolled Mild Steel Specimens.

Table 2 Data for Aluminum 6061-T6 Specimens.

Table 3 Mechanical and Chemical Properties of Mild Steel Specimens.

Table 4 Mechanical and Chemical Properties of Aluminum 6061-T6
Specimens.



TABLE 1

Data for Hot-Rolled Mild Steel Specimens

Specimen H Vo  Attenuator Wo  Wo
Number (in.) (ft./sec.) Foam (F) (in.) -

Neoprene (N)

1 0.0643 134.08 F 0.2278 3.542 322

2 0.0644 152.60 F 0.2654 4.120 437

3 0.0638 165.06 F 0.2966 4.650 521

4 0.0638 180.06 F 0.3296 5.166 619

5 0.0647 233.00 F 0.4155 6.420 1010

6 0.0635 234.08 F 0.4270 6.730 1058

7 0.0998 80.73 F U.1068 1.046 52.7

8 0.0985 118.95 F 0.1864 1.890 123.1

9 0.0984 124.20 F 0.1917 1.940 134.1

10 0.0983 161.70 F 0.2700 2.755 228.2

11 0.0982 177.90 N 0.3278 3.330 276.3

12 0.0982 202.60 F 0.3695 3.760 359

13 0.0983 216.70 F 0.4068 4.135 408

14 0.0984 231.13 F 0.4235 4.300 465

15 0.1728 69.69 F 0.0535 0.310 12.92

16 0.1728 88.85 F 0.0890 0.515 20.92

17 0.1725 130.90 F 0.1764 1.022 45.6

18 0.1729 153.36 F 0.2175 1.257 62.25

19 0.1728 166.26 F 0.2440 1.411 73.25

20 0.1729 165.70 N 0.2455 1.420 72.7

21 0.1731 171.10 F 0.2734 1.580 77.4

22 0.1727 178.02 F 0.2963 1.715 84



TABLE 2

Data for Aluminum 6061-T6 Specimens

Specimen H Vo  Attenuator Wo Wo
Number (in.) (ft./sec.) Foam (F) (in.)

Neoprene (N)

1 .244 190.44 .109 .446 13.88

2 .244 148.92 F .047 .192 8.48

3 .244 346.88 F .325 1.330 45.84

4 .244 297.13 F .225 .920 33.85

5 .244 275.29 F .214 .870 29

6 .244 331.59 F .297 1.211 42

7 .188 259.71 N .227 1.205 44.25

8 .188 226.56 F .192 1.025 33.72

9 .188 183.01 N .158 .843 22

10 .188 395.32 F .376 2.000 102.4

11 .188 417.87 F .454 2.410 114.64

12 .188 176.96 F .151 .805 20.56

13 .189 201.57 F .158 .837 26.6

14 .188 412.40 F .418 2.220 111.5

15 .122 267.95 N .289 2.362 113.8

16 .122 251.86 F .271 2.205 97.9

17 .123 330.42 N .350 2.842 167.8

18 .123 230.99 F .222 1.820 82.25

19 .123 389.20 F .429 3.480 233.4



TABLE 3

Mechanical and Chemical Properties of Mild Steel Specimens

Nominal ao Ou  %C %Mn %P %S %Si
Thickness (p.s.i.) (p.s.i.)

(in)

0.064 35900 47300 0.071 0.41 0.008 0.021 0.00

0.098 33800 43000 0.046 0.25 0.007 0.019 0.001

0.173 36800 48000 0.086 0.34 0.009 0.023 0.003



r

TABLE 4

Mechanical and Chemical Properties of Aluminum 6061-T6 Specimens

Nominal a0 %Si %Cu %Mg %Cr
Thickness (p.s.i.)

(in)

0.122 41166 45833 0.65 0.20 0.85 0.26

0.188 40750 45400 0.61 0.21 0.83 0.21

0.244 41450 0.60 0.24 1.04 0.17
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